EXTENDED MANIFOLDS AND EXTENDED EQUIVARIANT 

COHOMOLOGY 



SHENGDA HU AND BERNARDO URIBE 

Abstract. We define the category of manifolds with extended tangent bundles, 
we study their symmetries and we consider the analogue of equivariant cohomology 
for actions of Lie groups in this category. We show that when the action preserves 
the splitting of the extended tangent bundle, our definition of extended equivariant 
cohomology agrees with the twisted equivariant de Rham model of Cartan, and for 
this case we show that there is localization at the fixed point set, a la Atiyah-Bott. 



1. Introduction 

The study of the geometry on the generalized tangent bundle TM = TM © T*M 
starts with the paper in which Hitchin introduced the notion of generalized 



complex structures. The framework of generalized complex geometry was first devel- 
oped by Gualtieri in his thesis and much more has been done since. The algebraic 
structure underlying the considerations of generalized geometry is the structure of a 
Courant algebroid on TM (cf. definition |3.1.1| ), this is the main object of study in 
this article. 

The natural group of symmetries for the tangent bundle TM is the diffeomorphism 
group Diff(M). In contrast, the natural group of symmetries for TM is given by 
= Diff(M) x Q 2 {M). The action of B e Q 2 {M), which is also called a B- 
transformation, is given by 

e B (X + £)=X + £ + l x B, for X e T(TM) and f e ^(M). 

In this article, we take this approach one step further and take the following point of 
view. We see the ^-transformations as part of an extended change of coordinates. As 
in classical differential geometry that intrinsic quantities do not depend on the choice 
of coordinates, here we ask for independence on the choice of extended coordinates. 

With this point of view, the splitting of TM into direct sum is only a choice 
of extended coordinates, in which applying a ^-transformation corresponds to a 
different choice of coordinates. Along the same line, the embedding of T*M — > TM 
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is invariant with respect to the extended change of coordinates. Thus we are led to 
the consideration of the extension sequence: 



-> T*M -> TM -> TM -> 0, 



where TM is the same bundle TM but without a preferred splitting. The Courant 



algebroid TM of this type is called exact [|l7j] and we will use the name extended 
tangent bundle to emphasize the relation with the geometry of the manifold, as well 
as the absence of a preferred splitting. In the following, we will use the notion 
extended manifold to denote a manifold M with an extended tangent bundle TM. 

This paper accomplishes the following. In the first part (§§ and||), starting with 
linear algebra (§|j) we describe the category of extended manifolds (§0). In the second 
part (§|] and §), we consider the induced action on the spinors (§f|) and describe a 
new equivariant cohomology (§|5|) which involves non-trivially the extended part of 
the symmetries, i.e. the action of Q 2 (M). In §|5] we also consider some special cases 
and examples. In the last part (§^| and 0), we check the properties of the equivariant 
cohomology we introduced (§|6|) and show that, in certain cases, the new equivariant 
cohomology allows localization to fixed point sets (§0), in the sense of Atiyah-Bott. 

In the first part, to define the category, we are mainly concerned with the defini- 



tion of morphisms (cf. definition |3.5.1| ). There are two ingredients in the definition, 



reversed structure (cf. definition |3 .4. 1[ ) and isotropic extended submanifold (cf. def- 
inition |3.5|) . Recall that the structure of a Courant algebroid on TM is given by 
the datum (*, (, ), a) ( cf. definition p.l.lfl , where (, ) is a non-degenerate symmetric 
pairing. The reversed structure of Courant algebroid on TM is then given by the 
datum (*,—(,), a), which we denote by —TM. A standard reversion is by defini- 
tion an isomorphism of Courant algebroids r : TM — > —TM, covering the identity 
on TM. Standard reversions can be seen as a more intrinsic way of representing 
isotropic splittings of TM, as they are in one-to-one correspondence to each other. 
Then a morphism between (M, TM) and (N, TN) is a map / : M — > N whose 
graph is an isotropic extended submanifold of (M x N, —TMEBTN). We show that 
this naturally encodes the action of Q 2 (M). Summarizing, we have: 

The category SSmth of extended manifolds is given by the following. An object 
in the category is a manifold M together with an extended tangent bundle TM. An 
morphism f : (M, TM) — > (N, TN) is given by a smooth map f : M — > N and an 
isotropic extended structure £ on the graph of f , with respect to the extended tangent 
bundle -TM ffl TN. 

When we choose and fix splittings of the extended tangent bundles, a morphism is 
given equivalently by a smooth map f : M — > N and a two form bj G Q 2 (M) so 
that H M = dbj + f*H N , where H. are the twisting forms defined by the chosen 
splittings and [H] give the Severn classes of the extended tangent bundles. In this 
way, the composition of two morphisms f = (f,bz) and g = {g,bg) is given by 
h=(gof,b f - + f*bg). 
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Although the definition of composition as above uses the splittings of extended 
tangent bundles, we show that the morphism thus obtained does not depend on 
the choice of splitting. 

The second part discusses equivariant cohomology, in the extended setting. Recall 
that the space of spinors for TM with pairing (, ) can be identified with Q'(M). 
From our point of view, the identification is not canonical, rather, it depends on 
the choice of extended coordinates. We thus arrive at the notion of abstract spinor 
space S'(M) (cf. definition |3.7.1| ). For g be a Lie algebra, we introduce two notions 



of g-actions on TM. The first is the generalized action of g, given by a Lie algebra 
homomorphism g — > where 5£r is the Lie algebra of infinitesimal symmetries 
of TM. The second is when the generalized action factors through the composition 

g —> Y{TM) —> where the map k sends the bracket of the Courant algebroid 
TM to the Lie bracket on We say then that this generalized action is an 

extended action and we have obtained the following result. 

Choose and fix a splitting s of TM. For X = s(X) + £ £ Y{TM), let C\ = 
Cx + (d£ — l x H)/\, i% = tx + £A and dr = d — HA, where H is the twisting form 
defined by s. Then these operators are independent of the choice of splitting s. Let 
5 : g — > T(TM) be an extended g-action that is isotropic. Then the following is a 
chain complex 



C;(TM) = {pe S'(M) ® S(q*) \CJ (t)P = for all r e g} , d T ,s = d T -J2 



U i 



The cohomology Hq(TM) of (C*(TM),dr,s) is called the extended g-equivariant 
cohomology. 

We note that even when the generalized action of g on TM is trivial, the map 
6 : g — ► T(TM) may not be trivial and the above cohomology is different from 
the tensor product of H*(M) and S(g*). In fact, as the examples in §|5| show, 
the extended equivariant cohomology can be genuinely different from the ordinary 
equivariant cohomology. 

The last part concerns the case when the g-action is integrable to an action of 
compact Lie group G. In this case, let F be the fixed point loci. Then the in- 
duced extended tangent bundle TF naturally embeds into TM. The naturality of 
this embedding does not hold for general submanifolds. When the g-action is an 
extended action that preserves a splitting, we show that the extended g-equivariant 
cohomology localizes to the fixed point set in the sense of Atiyah-Bott. Along the 
way, we show that the axioms of cohomology theory are satisfied by the extended 
equivariant cohomology and there is a Thorn isomorphism between the cohomology 
of the base and the vertically compactly supported cohomology of a vector bundle. 
The later is the corner stone for the localization argument. 

We note that the terminology of extended action has been introduced by in a 
slightly different fashion, in connection with their reduction construction. Various 
authors have described the twisted cohomology H'(M; H) in detail [|TJ, |J and the 
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idea of twisting a equivariant cohomology theory by a 3-class is also known ||. As 
far as the authors know, the extended complex introduced in this article for the 
extended actions has not been discussed before in the literature. 

Acknowledgements. The authors would like to thank H. Bursztyn, A. Cardona, 
G. Cavalcanti, R. Cohen, M. Crainic, N. Hitchin, K. Hori, E. Lupercio, V. Mathai, C. 
Teleman, for many fruitful conversations. Also the authors would like to thank the 
support of the Mathematical Sciences Research Institute, the Max Planck Institut 
and the Erwin Schrodinger Institut. 

2. Extended linear algebra 

2.1. Extended linear spaces. Let V be a (R-)linear space of dimension n. An 
extension of V is a triple (V, V, (,)) where V is a (R-)linear space of dimension 2n, 
with a non-degenerate pairing (, ) of signature (n,n), so that V C V is a maximal 
isotropic subspace which fits into the extension sequence 

(2.1) o^y^v^^^o, 

where V ~ V* via the pairing 2(, ). For I 6 V, we write X = a(X), then we have 
£(X) = 2(|, X) for any f £ V*, where we use the "hat" V* -> V : f i-> £ to denote 
the identification induced by the pairing. 

A splitting s : V — > V of the above exact sequence is called isotropic if the image 
is isotropic with respect to the pairing. The set I of isotropic splittings s is a torsor 
over A 2 V*. In fact, let B(X,Y) = ((s' - s)(X),Y), then 

((s' - s)(X), Y) = —(X — s'(X), s'(Y)) + (X - s(X), s(Y)) = -(X, (s' - s)(Y)), 
i.e. s'(X) = (Bo s)(X) := s(X) + i^B. 

2.2. Extended subspaces. Let % : W C V be a linear subspace. An extended 
structure E on is a subspace of V which fits into the following diagram: 

(2.2) O^C^E^W^O, for some C C V, 

where a is the restriction of the projection V — > V. The extended subspace W = 
(W, E) is isotropic (resp. non- degenerate) if the restriction of (,) to E vanishes 
(resp. is non-degenerate). In the following, we will only consider maximal extended 
structures, i.e. those that are not contained in any other extended structures of the 
same type. Let K = AniiyW, W = V/K and W = Ann(K)/K, then we have an 
induced extension of W given by (W, W, (,)w)- 

2.2.1. Isotropic. Let E be a (maximal — we will drop maximal in the following, as 
they are the only kind we consider here) isotropic extended structure on W, then C = 
K. The extension sequence fl2.2p descends to W and becomes O^E/K^W^O, 
i.e. E/K is an isotropic splitting of W. On the other hand, for any splitting sw of 
W, the preimage of Sw(W) in Ann(K) under the quotient map gives an isotropic 
extended structure on W. It follows that the space of isotropic extended structures 
on W is a torsor over A 2 W*. 
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2.3. Reversion. Let (V, V, (,)) be an extension of V, then the reversed extension 
is defined to be (V, V,—(,)). When we abbreviate V as the extension, the reversed 
extension will be denoted —V. A standard reversion of V is an isomorphism r : V — > 
—Y which covers the identity on V. Let s : V — > V be an isotropic splitting, then 
we define the standard reversion r s : V — > — V : X = s(X) + £ i— > s(X) — £, since 

(r s (X), r s (2J)) = (s(X) - |, s(Y) - fj) = ±((t, Y) + (77, X)) = -(X, 2)>. 

On the other hand, for any standard reversion, the sub-space V T fixed by r is non- 
empty and maximally isotropic, since (X, 2)) = for all X, 2) G V T . In fact, we see 
that splittings and standard reversions are in one-to-one correspond to each other, 
i.e. the set of standard reversions is a torsor over A 2 V*. 

2.4. Extended complex structures. A linear extended complex structure on V is 
defined as a linear map J : V — > V so that J 2 = -1 and (!•,!•) = (•, •). Let P : V* ~ 

K^fiv^Vbe the composition of the natural maps, then from the definition 
of J we have P* = —P . It follows that P G A 2 V. An extended Lagrangian (resp. 
complex) subspace W C V is an isotropic (resp. non-degenerate) extended subspace 
(W, E) so that E is preserved by J. When W is extended Lagrangian, K = Ann v W 
is isotropic with respect to P, since we have the restriction P : K — > W = AxmyK, 
correspondingly, we say that W is co-isotropic with respect to P. We may also see 
J as a linear extended complex structure on —V as well. Let r : V — > —V be a 
standard reversion, then J T = r o J o r _1 : V — > V is the T-reversed linear extended 
complex structure (which corresponds to the twisted structure in 0). 

2.5. Direct sums and morphisms. Let (V, V, (, )v) an d (W, W 7 , (, )w) be two 
extended linear spaces. The direct sum extension of V © is defined as (V © 
W,V ®W, (, )v © (, ) w )- Let : IV — > V be a linear map. An extension <f> = (</>, £) 
of ^ is given by an isotropic extended structure E C — W©V over graph((f>) C WQ)V, 
i.e. 

-»■ ify -»• £ -> graphs) -> 0. 
By the arguments in $2.2. 1| we see that (17, £) G C © V" is given by 



— (fj,w)w + (i,(^(w))v = —v( w ) + £(0( M; )) = for all w G W JQ, = graph(cj)), 
where <p* : V* — > IV* is dual to 0, so that <fi : V" — > W via the identification A . 

Definition 2.5.1. VKe caiZ a morphism between the extended linear spaces and 
denote it by <j> = (</>, £) : W -> V. 

Let's look at the subspace P in more detail. Choose splittings sy and s\y of V 
and W respectively. Then an element e G -E is of the form 

^ ^ e =i(fj) + fj + s w (x) + s v ((f)(x)) + A y (x) + X w (x) 

=4>(ff) +fj'+ S W (x) + S V ((j)(x)) + (Atf, - $ o A y )(x) 
where x e W, f) and fj' — fj + Xy(x) eV, X^ : W ^ W and A F : W — > V". 



SHENGDA HU AND BERNARDO URIBE 



We regard a linear map q : W — > W also as a quadratic form via q(x,x') = 
2(q(x), sw{x'))w, where sw is any isotropic splitting of W. We then check that 
E is isotropic iff 

b E ■■= - o \y e A 2 W*. 
It follows that E determines, and is uniquely determined, by b E E A 2 W* and we 
obtain the explicit form of the statement in § |2 .2.1 . 



Proposition 2.5.2. Let : W — > V be a linear map. Choose splittings s\y and sy 
of W and V respectively, then any morphism : W — > V extending is determined 
by an element b^ E A 2 W* . Let B w E A 2 W* and By E A 2 V* and consider splittings 
s'w = s w + uBw and s' v = sy + t»By . Then the element = b^ — Bw + 4>*By E 
A 2 W* determines the same morphism 0. 
Proof: Directly compare the spaces 

E = {s w (x) + 0(77) + L X b-^ + s v ((f)(X)) + 7)\x E W and 77 E V} with 

E' = {s' w {x) + 0(77) + t^P- + s' v {(t>{X)) + r)\x E W and rjEV} 

□ 

We note that we may always choose splittings of V and W so that the element b^ 
in the proposition [2.5.2| vanishes. In this case, we see that is given by the maps 



: W -> V and 0* : V* -> W* on W = W © and V = V © V*, where the 
identifications come from the splittings as well as 

2.6. Composition. Let = (0, £) : W -> V and $ = O, F) : V -> U be two 
morphisms of extended linear spaces. We consider the composition A = ip o : W — > 
U and the induced extended structure on graph(X). According to the description 
given in the previous subsection, we choose and fix splittings of W, V and U, then 
the morphism can be represented by the pair (0, b^) and (if), b^), where b^ E A 2 W*, 
for example. We then define the composition of the morphisms: 

Definition 2.6.1. With the chosen splittings of the extended linear spaces, the com- 
position A = if) o is given by A = ijj o and b^ = b^ + 4>*b^ E A 2 W* . 

We check that the composition is well-defined, i.e. it does not depend on the choice 
of splittings, for which we use the proposition |2.5.2|. Let B w E A 2 W*, By E A 2 V* 



and Bjj E A 2 U* defining different splittings of the extended linear spaces. Then the 
same morphisms and ip are given by 

fy = b $ -B w + <P*B V and b^ = b^-B v + ^Bu, 

and the definition then gives 

b'~ x = V- + 0*^ = b^ + 0*6^ -B w + X*B V = b- x - B w + X*B ir , 



which by proposition |2.5.2j gives the same morphism A. It is easy to check that the 



following equality of compositions of extended morphisms holds 
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2.7. The category. Now the category SVect of extended linear spaces is defined. 
An object in SVect is given by the triple (V, V, (,)) in the exact sequence 

^ V -f 0, 

so that (,) is symmetric, non-degenerate of split signature and V is maximally 
isotropic. We will usually denote such an object by V. A morphism <fi : W — > V 
in SVect is given by an isotropic extended structure E C — W © V on the graph 
of G Hom(W,y). We will call <fi to be an extension of <p. The composition of 
morphisms is given by definition 2.6.1 . In particular, from the definitions, we have 
the following fibration sequence: 

A 2 W* -> Bom £Vect (W, V) -> Hom(W, V). 

When W = V, we may consider the group of invertible morphisms Aut^y eC f(V), 
which fits into the extension sequence 

-> AV -> Aut £Vect (Y) -> GL(F) -> 1. 

The identity element in Autgy e ct(V) is given by the diagonal A C — V© V, which is 
a morphism extending id £ GL(V). 

2.8. Spinors. Let C7(V) be the Clifford algebra of V, i.e. 

C7(V) = ©*V/(X © X - (X, X)). 

For the choice of an isotropic splitting, we determine an action of Cl(Y) on A*^, 
exhibiting it as a spinor space for C7(V). For p £ A*V, we denote the action of X 
on p by the contraction 

'-xP = l xP + £ A p, where £ = X — s(AT). 

Let 5 £ A 2 V*, then e B = £\ ^ £ A ei V* and the action of A 2 V* on A*V is 
defined by: 

B o p = e~ B A p. 

Definition 2.8.1. TTie abstract spinor space S for the triple (V, V, (, )) is given by 
X x A 2 V * A*V , where the action is the anti- diagonal action (as usual). 

The bundle X x A*V over S with fiber A 2 V* provides identification of S with the 
section {s} x A*V upon a choice of splitting s £ X. The representation of C7(V) 
on 5 is defined by any of such identifications as we can see in the following set of 
equations: 

e~ B A (i X (e A A p) + (X - s(X) - u^B) A e B A pj 

=e~ B A (lx~B A e B A p + e B A L X p + (X - s(X) - l^B) Ae B Ap) 

=L X p+(X-s(X)) A p. 

We will use l% to denote the above action of X £ V on S, which generates the 
C7(V)-action. 
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Lemma 2.8.2. Let <p : W — ► V be a morphism of extended linear spaces. Then it 
induces natural pull-back map of spin or spaces: <p' : Sy — > Sw- 



Proof: We use the description of morphisms given in proposition [2.5.2| . Choose 
splittings sw and sy of the extended linear spaces and represent by the pair 
: W — > V and E A 2 W*. Then we have the following diagram defining : 

A*V -> A*W and <j? : Sy -> 



AW 



>s 



w 



Now we show that the above definition does not depend on the choices made, i.e. 
the splittings Sw and Sy. Choose another pair of splittings: 

s w {X) = s w (X) + l x B w and s' v (Y) = s v (Y) + l y B v , 

then, for example, the induced identification of Sy — > A*V* is given by post- 
composition with e~ Bv . Let ps E Sy which corresponds to p E A*V*, and we 
follow the diagram: 



P 



e~ Bv p 



e -b^-<t>*B v +B w 



'Pip) 



= e ^0*(p) 

It follows that 4>'(ps) is well defined independent of the choice of splittings. □ 



3. Category of extended manifolds 



3.1. Courant algebroids. Following JT3[, we have the following definition of a 
Courant algebroid: 

Definition 3.1.1. Let E — > M be a vector bundle. A Loday bracket * on T(E) is a 
IL-bilinear map satisfying the Jacobi identity, i.e. for all X, 2), 3 E T(E), 

(3.1) £* (2J *3) = (£*2J) *3 + ?J * (jE*3). 

E is a Courant algebroid if it has a Loday bracket * and a non-degenerate symmetric 
pairing (, ) on the sections, with an anchor map a : E — > TM which is a vector bundle 
homomorphism so that 

(3.2) a(X)(2J,3) = (3C,2)*3 + 3*2)> 

(3.3) a(X)(2J,3) = (3e*?J,3> + (2),£*3>. 

The bracket in the definition is not skew-symmetric in general and the skew- 
symmetrization [X, 2J] = X * 2) — 2) * X is usually called the Courant bracket of the 
Courant algebroid. The above definition is equivalent to the definition as given in, 



for example, (T^| or || . We rephrase the definition of generalized complex structure 

(anil): 
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Definition 3.1.2. An extended tangent bundle TM is a Courant algebroid (cf. 
definition \3.1.]\ ) which fits into the following extension: 



-> T*M TM A TM -> 0. 

T/ie extended tangent bundle TM is split z/ t/ie extension is split by some s : TM — > 
TM, so i/iai i/ie image is isotropic. An extended almost complex structure J on 
TM is an almost complex structure on TM which is also orthogonal in the pairing 
(,). Furthermore, J is integrable and is called extended complex structure if the 
+i-eigensubbundle L of J is involutive with respect to either of the brackets * or [, ]. 

An example of extended tangent bundle is TM = TM © T*M with the natural 
pairing and the bracket that Courant discovered 0, namely 

[X + £, Y + 77] = [X, Y\ + C x r] - CyZ - ^d(L xV - lyO- 

Remark 3.1.3. An extended tangent bundle TM is also known with the name of 
exact Courant algebroid [|17], ||. The Loday bracket for an extended tangent bundle 
is also known as the Dorfman bracket. 

Now, the sequence 

-> T*M ^ TM A TM -> 



is always split in the sense of the definition 3.1.2 and we have 



TM ~TM = TM®T*M :Ih X + £, with X = a(X), £ = X- s(X) for X e TM. 

Such map s is also called a connection in [0. The choice of isotropic splitting 
determines a closed 3-form 

H(X, Y, Z) = 2(s(X), [s(Y), s(Z)}) = 2(s(X), s(Y) * s(Z)). 

Then the Courant algebroid TM is identified with the if -twisted Courant algebroid 
structure on TM. The space of isotropic splittings, which will be denoted T(M), is 
a torsor over f2 2 (M) and different choices give cohomologous 3- forms. The action is 
given by (B o s)(X) = s(X) + l x B. The class [H] e H 3 (M,R) is the Severn class 
of TM |17|]. With this point of view, we regard the generalized tangent bundle TM 
with H -twisted Courant bracket as the pair {TM, s) of extended tangent bundle 
with isotropic splitting (or equivalently, exact Courant algebroid with connection). 
In particular, we'll use ToM to denote TM with standard Courant bracket (albeit 
splitting as well). This point of view is justified in the sense that reduction by 
Hamiltonian action induces an extended manifold structure on the quotient which 
is not naturally split ]12 . 



3.2. Extended submanifolds. Let i : F C M be a submanifold. Then the 
embedding defines an extended tangent bundle TF by TF = Ann(/C)//C where 
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K = Arnip* mTF C i*T*M. We get the roof 
(3-4) Ann(/C) 





TF 



i*TM 



We note that a priori the submanifold F is not associated with an embedding 
TF -> i*TM. 

Lemma 3.2.1. Let [H M ] £ H 3 (M) be the Severn class ofTM, then i*[H M ] £ H 3 (F) 
is the Severn class ofTF. 

Proof: Let % : TM — > TM be an isotropic splitting defining the twisting form 
H M . The image of TF under % must lie in Ann(/C). Because sm(TF) fl /C = {0}, 
we see that sm descends to sj? : TF — > TF, which is an isotropic splitting. The 
twisting form Hp defined by sp is simply i*Hm- D 

Definition 3.2.2. An extended submanifold T of M with respect to the extended 
tangent bundle TM is a submanifold i : F C M with an extended structure £ C 
Ann(/C) ; which is an involutive subbundle with respect to the bracket [,}, and which 
fits into the following exact sequence 



where a is the restriction of the anchor map for M. T is an isotropic (resp. non- 
degenerate j extended submanifold if the restriction of (,) to S vanishes (resp. is 
non-degenerate) . 

By definition, £ descends to an involutive subbundle £p = £/(JCn£) C TF, 
which will be called the reduced structure. The set of extended structures on F form 
a partially ordered set with ordering the inclusion of £. We will consider in the 
following only maximal extended structures in the partial order, and will often drop 
the adverb maximally. We show in the following that maximally isotropic and non- 
degenerate structures correspond respectively to the notion of generalized tangent 
bundle in || and of split submanifold in ||. 

Lemma 3.2.3. F admits a (maximally) isotropic extended structure iff the twist- 
ing class ofTF is 0. For such F, the space Tp of (maximally) isotropic extended 
structures is a torsor over Qq(F). Upon a choice of splitting s of TM defining the 
twisting form H s , then there is r s £ Q 2 (F) so that dr s + i*H s = 0. 

Proof: Suppose that T is a maximally isotropic extended submanifold, then C = 
/C. Choose a splitting s of TM which defines a twisting form H s £ Qq(M) and let 
X = S (X) + f £ £ for X £ TF and f £ I 'M. then we have 



(X, 2)> = (s(X) + e, s(Y) + V ) = l xV + l y £ = for X, 2) £ £. 

Define t s £ fi 2 (F) by r(X,Y) = (X,s(Y)} = i Y £- We check that t s is well defined. 
For X' = s(X) + £' £ £ , we have £' — £ £ C = JC and ty£' = ty£. Let s' be another 
splitting of TM so that s'(X) = s(X) - l x B for some B £ fi 2 (M), then the twisting 



(3.5) 



-> C -> £ A TF -> 0, /or some subbundle C C i*T*M, 
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form for TM becomes H s * — H s — dB and we have t s > = r s + i*B. It follows that 
dr s + i*H s is independent of the choice of splitting s. 



We consider the reduced structure £p = £/IC. The sequence ( |3.5| ) descends to 
— > £p — » TF — ► in TF. Since £ is isotropic and involutive, we see that £p 
is too. It follows that the splitting sp '■ TF — > £p C TF gives a twisting form 
iff = (sip(X), [sjr(y), Si?(Z)] F } F = 0. In particular, the twisting class of TF is 
0. Conversely, suppose that TF has twisting class and let Sp : TF — > TF 
be a splitting defining the twisting form Hp = 0. Consider the preimage £ = 
7t _1 (sf(TF)), then the corresponding C in ( |3.5| ) is /C. For any X, 2) G £, we have 
7r([X, 2)]) = [ir(X), 7r(2J)] and (X, 2J) = (vr(X), 7r(2))). Since £p is isotropic and 
involutive, we see that £ is isotropic and involutive as well. We note that £ as 
constructed is maximal among the isotropic extended structures. 

Let £' be another maximally isotropic extended structure on F, which induces the 
same splitting £p of TF. Let X G £ and X' G £' so that a(X) = a(X') = X G TF, 
then ?) = I'-I6 T*M and (rj, TF) = 0. It follows that r) G K and X' G £ . Thus 
£ is uniquely determined by the reduced structure £p. Since the splittings of TF 
defining twisting form = is a torsor over Qq(F), the same is true for Tp. 

We note that for X G £, s F (X) = 7r(X) = 7r(s(X) + f ) = tt(s(X)) + i X r s and 
— iyrf^ G /C for X, F G TF and 77, £ G /C. We then compute 

7T([X, 2J]) = TT(S([X, Y}) + C XV - Lydi + t yi X ^ S ) 

=7r(s([X, F])) + CxiyTs - lydixTs + L Y ixi*H s 

= Sp([X,Y])+iyi X (dT s + t*H s ). 

It follows that dr s + i*F^ s = by the involutiveness of s^p : TF — > TF. □ 

Lemma 3.2.4. A (maximally) non-degenerate extended structure on the submanifold 
F is equivalent to an embedding of the induced extended tangent bundles ( cf. fl3.4j) ) 
i* : TF — > TM covering the embedding i* : TF — > TM. 

Proof: Suppose that £ is a maximally non-degenerate extended structure on F, 
then C ~ T*F via the restricted pairing 2(, ). Since £ is involutive, it is an extended 
tangent bundle over F with the induced Courant algebroid structure. The projection 
7r I £: : £ — >• TF is an isomorphism of extended tangent bundles and we obtain an 
embedding of extended tangent bundles = vr^ 1 : TF — > TM . The other direction 
is obvious. □ 

3.3. Product. Let (M, TM) and (N,TN) be two smooth manifolds with extended 
tangent bundles. The product M x N admits then natural extended tangent bundle 
T(M x N) defined as follows. Let 7Tj be the projection of M x N onto the z-th factor 
for i = 1,2. Then as bundles, we have natural identifications 

T(M x N) = vr*TM © n* 2 TN and T(M X N) = vr*TM © vr 2 *TX. 

The structure of Courant algebroid on T(M x N) is then given by declaring that 
the bracket and pairing all vanish between 7r*TM and n^TN. The axioms are easy 
to check and the extended tangent bundle T(M x N) is defined. 
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3.4. Reversion. Similar to the linear case in 512.31, we have 



Definition 3.4.1. Let M be a smooth manifold with an extended tangent bundle 
TM, on which the structure of a Courant algebroid is given by (*, (,),a), then the 
reversed extended tangent bundle —TM is the same bundle with the structure of 
Courant algebroid given by (*,—(,), a). A bundle isomorphism r : TM — > TM 
is called a standard reversion if it gives an isomorphism of Courant algebroids r : 
TM — > —TM and covers identity map on TM. 

Let s be an isotropic splitting of TM, which defines a twisting form H £ f2jj(M) 
as in § |3~T| and gives an identification I : TM — > TM : X = s(X) + £ i— > X + £, where 
X = a(X) and £ = X — s(X). Under this identification, we have 

I[X, 2)] = [/(X), /(2))] H and (X, 2)) = (X + £, y + 77). 

Since a reversion of TM only changes the sign of the pairing, under the same iden- 
tification /, —TM has a — if-twisted Courant algebroid structure. Let t s : TM — > 
TM : X + £ 1— » X — £, then it is a reversion: 

[ Ts (X + £),T s (y + 77)]H 

= [X, y] - (£ X 77 - £ y £ - |d(^77 - ty£) + lytx(-H)) 

=r s ([X + £,y + 77]_ ff ). 

and (t s (X + £), r s (y + 77)) = —(X + £, Y + 77). As in § |2.3j , we may see that there 
is one-to-one correspondence between the set of reversions and the set of isotropic 
splittings of TM. It follows that the set of reversions is a torsor over Q 2 (M). 

Suppose that J is an extended complex structure on TM, then it is also an 
extended complex structure on — TM. When we want to be clear as to which 
extended tangent bundle we are looking at, we use — J to denote the one on —TM. 

3.5. Morphisms. Let (M, TM) and (N,TN) be two smooth manifolds with ex- 
tended tangent bundles. Let / : M — >• N be a smooth map and idx f : M->MxiV 
its graph. On the product M x N, we may endow another natural extended tangent 
bundle T(MxN), which is given by the product of (M, -TM) and (N,TN). An 
extended structure on the map / is defined to be an extended structure £ on its 
graph (id x f)(M). More specifically, we have 

-> C -> £ -> TM -> 0, 
where £ C (id x f)*(T(MxN)) = -TM® f*TN is an involutive subbundle. 

Definition 3.5.1. The pair (f,£) of map with extended structure is a morphism if 

£ is maximally isotropic, and we denote it as f = (f\£) ■ (M,TM) — > (N,TN). 

We note that the Severa class of T(MxN) is given by h^Hn] — 7t*[Hm], then by 
lemma |3.2.3] , we see that / admits an extension into a morphism / iff J*[Hn] = [Hm\- 



Similar to proposition [2.5.2| , we have the following 
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Proposition 3.5.2. Let f : M — * N be a smooth map between extended manifolds, 
so that = [Hm\- Choose splittings sm and sn ofTM and TN respectively, 

then any morphism f : (M, TM) — > (N, TN) extending f is determined by an 
element bj £ Q 2 (M) so that H M = f*H N - dbj. Let B M e Q 2 (M) and B N e tt 2 (N) 
and consider splittings s' M = sm + uBm and s' N = sn + l»Bn- Then the element 
b'~ = bj — Bm + f*Bx £ Q 2 (M) determines the same morphism f . □ 



Remark 3.5.3. From proposition |3.5.2| , it is clear that with a fixed splitting of TN, 
a splitting of TM may be chosen so that the 2- form bj vanishes. For example, let 
F C M and TF defined by the diagram |3.4| , then the inclusion i : F — > M can 
be extended to a morphism i. In particular, choosing the splittings as given in the 
lemma |3.2.1 , the two form part b~ { vanishes. The same is not true vice versa, because 



the map /* : Q (N) — > fl , (M) is not surjective in general. 

Definition 3.5.4. Let f : (M, TM) -> (N, TN) and g : (N,TN) -> (P,TP) be 
two morphisms. Choose and fix splittings of the extended tangent bundles, then the 
composition h = g o f is given by h = go f and b- h = b^ + f*{bg) £ Q 2 (M). 

3.6. The category. We are now able to describe the category SSmth of extended 
manifolds. An object in SSmth is the pair (M,TM), a smooth manifold with ex- 
tended tangent bundle. The Severa class of TM will be denoted [Hm]. A morphism 
/ : (M, TM) — > (N, TN) is given by an isotropic extended structure on the graph 
of a smooth map / : M N. We say that / is an extension of /. The composition 
of morphisms is given by definition |3.5-4 We have the following fibration sequence: 



fig(Af) -> Rom SSm th(M, N) -> C?(M, N) 

where C^(M, N) denote the space of smooth maps / : M -> N s.t f*[H N ] = [H M \. 
In particular, when M = N as extended manifolds, we may consider the group 
of symmetries of TM, consisting of invertible morphisms, which fits in the following 
sequence: 

o _> ng(M) ^ y T -+ Di% M] (M) ^ i. 

When the Severa class vanishes, we use the subscript o in the various notions. Then 
it is shown in @ that % = Diff(M) x VL 2 (M). In §|, we will have more detailed 
discussion about the group £fr and its Lie algebra. Note also that this is a category 
with involution, where the involution is given by the reversion TM \— > —TM. 

3.7. Spinors and cohomology. Analogous to the linear algebra case, we have 

Definition 3.7.1. The abstract spinor space forTM is 

5"(M) =X(M) x n2(M) n*(M). 

Again, a choice of s £ T(M) gives an identification of S'(M) to Q*(M). Note that 
the space S'(M) is no longer graded by Z, instead, it only remembers the induced 
Z,2-grading. The wedge product of differential forms makes S'(M) into a natural 
module over Q'(M). 
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Lemma 3.7.2. Let s £ I(M), H the twisting form defined by s and S° (M) identified 
withQ'(M). Letdn = d — HA onQ'(M), then it defines a differential dr onS*(M). 
The abstract spinor space S'(M) becomes a differential graded module over Q*(M), 
via the wedge product of forms. 

Proof: It is easy to check that d 2 H = 0. We will show that it defines an operator on 
S'(M). Suppose that s' £ T(M) is another splitting so that s(X) — s'(X) = l x B. 
Then via s', the identification S*(M) — > Q'(M) undergoes a S-transform and for 
p £ Q*(M) we have 

d H ,(e B op) = (d-{H- dB)A){e~ B A p) 

= e' B A (-dB A p + dp) - (H - dB) A e~ B A p 
= e- B (d H p) = e B o (d H p). 

Let a £ Q'(M). Since Aa and the 5-transform on S'(M) commute, we see that Aa 
is an operator on S*(M), which makes S*(M) into a graded f2*(M)-module. For the 
differential, we compute 

dn{p A a) = d(p A a) — H A p A a = dup A a + (— l)' p 'p A da. 

□ 

Definition 3.7.3. The cohomology H'(TM) of(S*(M),d T ) is the de Rham coho- 
mology ofTM. 

From the above lemma, we see that H'(TM) is a graded module over H*(M). 
When we use s £ X(M) to identify S*(M) with Q'(M), we see that the de Rham 
cohomology of TM is simply the iJ-twisted cohomology H'(M;H) of M. In 
particular, we see that H'(M;H) depends only on the cohomology class [H] £ 
H 3 (M). 

Let / : (M, TM) -> (TV, TN) be a morphism. Choose splittings of TM and T N, 
so that / is represented by / : M — > N and £ f2 2 (M). Define the pull-back 
f':S'(N)^S'(M) by 

r(p) = e- b /Ar(p). 

Then it is independent of the choice of splitting as in the linear case (proposition 
2X2|) . 

Proposition 3.7.4. /" is a chain homomorphism, and therefore it induces a homo- 
morphism ~f : H'{TN) -> H'{TM). 

Proof: Choose splittings of TM and TN and let the twisting forms be H M and 
H N respectively. Then H M = f*H N — dbj and we compute 

d HM (e- b fr(p)) = -db f e- b fr(p)+e- b fd HM r(p) = e- b fd rHN f*(p) = e- b ff*(d HN p). 

□ 



EXTENDED MANIFOLDS AND EXTENDED EQUIVARIANT COHOMOLOGY 15 



3.8. Thorn isomorphism. Let tt : V — > M be an oriented real vector bundle of 
rank k. In the classical situation, the Thorn isomorphism is as follows. Let H* V (V) 
denote the de Rham cohomology of forms with compact support along the fibers, 
then in H^ V (V), there is a Thorn class [O], which is the unique class which restricts 
to the orientation class [G x ] £ Hj!(V x ). The Thorn isomorphism is therefore defined 
by wedging with [©]: 

Th : H*{M) ^ H* CV {V). 

In the category SSmth, a vector bundle tt : (V, TV) — > (M, TM) is a morphism 
extending a classical vector bundle tt. It follows that the Severa class of TV is 
given by [Hy] = tt*[Hm}. Then splittings may be chosen so that the morphism tt 
is given by it together with = 0. It follows that Hy = tt*Hm- By the local to 
global principle we can show that the extended de Rham cohomology also has Thorn 
isomorphism, via cupping with the Thorn class. The ingredients in the argument 
are discussed in §|6] for the equivariant case. 

Let U C M be a contractible open subset and Vjj — > U be the restriction of V on 
U. The Poincare lemma then states that Hu = Hm\u = dBjj for some Bu £ Q 2 (U). 

Then it follows that Th v : H*{U\H V ) H^VurfHu) is an isomorphism 

because we have 

Th v = e- n * Bu oTh\uoe Bu . 
Applying the Mayer- Vietoris sequence to the opens sets U, W: 

H*(U n W; H unw ) H*(U U W; H UuW ) H*(U; Hu) © H*(W; H w ) 

A[6» [/U v] 



A[8l/nv] 



A[0u}®A[6 v ] 



Hc V (V UnW ; TT*H UnW ) ^ H* v (V UuW ; ir*H UuW ) ^ H* v (Vu; tt*Hu) © H* V (V W ; ir*H w ) 

and with the use of the five-lemma, we have that the Thorn isomorphism on U 
and W implies the Thorn isomorphism on U U W . Therefore by induction on the 
open contractible sets that cover M, we have the Thorn isomorphism in twisted 
cohomology, namely 

H'(M; H) ^ H' cv (V;tt*H). 

Then we we can conclude: 

Proposition 3.8.1. Let tt be a vector bundle in the category SSmth, then wedging 
with the Thorn class induces an isomorphism 



Th : H'(TM) ^ H' V (TV). 



□ 



4. Symmetries and actions 



4.1. Generalized symmetries. For the triple (TM, T*M, (, )), where (, ) is the 
natural pairing, we have the group of symmetries Q = Diff(M) tx Q 2 (M). The action 
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of (A, a) £ G on X = X + f £ TM is given by 

(A,«)oX=A4l + (+ = A*(£ + ia(x)a), 

where A* on the forms is defined to be (A -1 )* = (A*)^ 1 . The composition law is 

(//, (3) o (A, a) = (// o A, A*/3 + a). 

In the spirit of the present work, we think of Q as the presentation of the group of 
generalized symmetries of TM as a bundle with structures (T*M, (, )). As a corollary 



of the proposition |3.5.2| , the effect of choosing a different splitting gives an action of 
B £ Q 2 (M) on g by: 

(4.1) Bo(A,a) = (A,a + A*B- J B). 

It's easy to check that 

Bo{(f,,(3)o (A, a)} = {Bo /?)} o {B o (A, «)}. 

Thus, similar to the definition |2.8.1| for the abstract spinor space, we define the 
abstract group of symmetries of TM, without the Loday bracket *, as 

<s = J(M) x n2(M) g. 

A choice of a splitting s £ Z(M) gives the identification of with by the section 
{s} xg of the bundle J(M) x (? over <S with fiber fi 2 (M). 

Let TM be an extended tangent bundle, whose Severa class is [Hm] and &r the 

group of symmetries of TM, as described in § [3.6| . Choose a splitting s £ X(M) 

which defines H £ Qq(M) with [if] = [-/?m]- The subgroup C preserving the 
Courant bracket [, ]# on TM is given by 

g H = {(\, a )\\*H -H = da}. 

Then under the identification of {s} x g with £f we see that 

{s} x is identified with Sfr- 

Definition 4.1.1. The action of a Lie group G on TM is given by a Lie group 
homomorphism a : G — > £fr- The action a is said to preserve the splitting s £ X(M) 
if the image of G lies in {s} x (Q H R Diff(M)) under the identification given above. 

Proposition 4.1.2. Lei G be a compact Lie group and a an action of it on TM, 
then there exist s £ X(M) which is preserved by a. 

Proof: Let's start with a random splitting s' £ T(M), under which we obtain the 
homomorphism 

a' : G -> -> {s} x £ ~ Diff(M) x fi 2 (M) : # (A 9 , a 5 ). 

Let if' £ f2 3 (M) be the 3-form determined by s'. From the equation ( |4.1| ), we are 
looking for a B £ Vt 2 {M) so that 

a 3 + \* g B - B = for all g E G. 

Consider the action of G on Q 2 (M) induced by a: 

g(B) := a g + X* g B. 
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We check that 

(gh)(B) = a gh + \* gh B = X* h a g + a h + (X g X h )*B = g(h(B)), 
i.e. it is indeed a well-defined action. Because G is compact, consider 

B := / h(0)dfi(h) = / a h dfi(h), 
Jg Jg 

where fi is the Harr measure normalized so that the volume of G is 1. Obviously we 
have for any g G G 

g (B) = a g + X* g B= / gh(0)dfi(h) = B. 
Jg 

It follows that the splitting s = s' + i,B is preserved by a. □ 
Now we go through the same process for the Lie algebras. The Lie algebra of Q is 
X = T(TM) © tt 2 (M) with the Lie bracket 

[(X, A), (Y, B)} = (X, Y], C X B - C Y A). 

The infinitesimal action of (X, A) on 2) e TM is given by 

(X, A)o%) = -[X,Y\- CxV + i>yA, where % = Y + rj G T(TM). 

We write down the 1-parameter subgroup generated by (X,A): 

e t(x,A) . = (A f ,« f ) where X t = e tx and a t = f X*Adt. 

Jo 

From (|4. 1|) , we see that the effect of choosing a different splitting gives an action 
of B G Q 2 (M) on X by: 

Bo(X,A) = (X,A + C X B). 

We also have 

[B o (X, A), B o (Z, C)] = Bo [(X, A), (Z, C)]. 

Thus, we define the Lie algebra S£ of the abstract group of symmetries of TTCM, 
without the Loday bracket *, as: 

%=T{M) x U 2 (M) X. 

Let Xh C X be the Lie algebra of the group Qh, then 

Definition 4.1.3. The abstract Lie algebra 3£t of 'infinitesimal symmetries ofTM 
is the Lie sub-algebra of S£ defined by {s} x Xh, where H is the twisting form defined 
by se J(M). 

From the definition, we see that is the Lie algebra of 

In the following, we describe the relations among the Lie algebras where the 
structure of Courant algebroid varies. For this purpose, we fix a splitting s G X(M) 
and work in terms of X and Xh, etc. When H = 0, we see that the Lie algebra 
of Qq is Xq = T(TM) © Qq(M) with the standard bracket as given above. Let the 
H -twisted Lie bracket [,] H on X be given by 

[(X, A), (Y, B)} H = ([X, Y], C X B - C Y A + di Y i x H). 
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Then the subspace Xq of X is a Lie sub-algebra under this twisted bracket and the 
linear isomorphism 

4> H :(*,[,])- [, } H ) : (X, A) h-> (X, A + t x H) 

is in fact a Lie algebra isomorphism. The following is straightforward (cf. ||12|| ): 

Proposition 4.1.4. As Lie algebras, (X H , [, ]) = ^^(Xq, [,]#). □ 

Definition 4.1.5. Fix a splitting s G Z(M), which determines the 3-form H. For 
(X, A) G Xq, the if -twisted infinitesimal action is 

(X, A) o (Y + rj) = -[X, Y] - C xV + l y (A- l x H) 

and the corresponding if-twisted 1-parameter subgroup is e^ x ' A ~ LxH \ We say that 
the (H -twisted infinitesimal) action of (X, A) G X preserves the splitting s if the 
corresponding (H-twisted) 1-parameter subgroup is so, i.e. A — l x H = 0. 

4.2. Extended symmetries. Let X G T(TM), then it defines an element in SC^. 
Choose a splitting s G I(M), which defines the twisting form H, then we have: 

K : Y{TM) ^X H :X = s(X) + £ k(X) = (X, d£ - l x H). 

Following the identification of {s} x Xh with 3£t, we see that k is a well-defined 
map to S£t- The image of k in 3£t is the space of infinitesimal extended symmetries, 
while the kernel is Qq(M), the closed 1-forms. It's easy to see that the infinitesimal 
action of X via k on T(TM) is given by (the negative of) the (non-skew-symmetric) 
Loday bracket —X * 2). Let 

be the 1-parameter subgroup of generalized symmetries generated by X, then obvi- 
ously the action of (At, a t ) on TM does not depend on the choice of splitting either. 
We write e tx C £fr for the extended symmetries generated by X as above. We note 
that e r (™) form a subgroup Sq- of extended symmetries of ^-r- in fact, the Lie 
bracket on is compatible with either of the brackets on T{TM), i.e. 

K ([X,2)]) = k(X*2)) = [k(X),k(2))]. 

Definition 4.2.1. The action of the Lie algebra q on TM is given by a Lie algebra 
homomorphism a : g —> 3&r. We say that g acts by extended symmetries if a factors 
through k, i.e. there is 5 : g — > T(TM) so that a = k o 5. Such an action is called 
isotropic if the image of 5 is isotropic with respect to (,). The action a is integrable 
to a G action, if it is induced by a Lie group homomorphism G — > Then G acts 
by extended symmetries, or the G-action is isotropic, if the corresponding Q-action 
is so. 
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4.3. Hamiltonian action. Let (M, J") be an extended complex manifold, which 
is necessarily of even dimension In. It is well known that the extended complex 
structure J induces a natural Poisson structure tt on M. Let G be a connected Lie 
group acting on M via a homomorphism r : G — > $t, which is induced by a Lie 
algebra homomorphism r* : q — > ^7-. The action r is Hamiltonian with moment 
map fi : M —>■ q* ii the geometrical action of G is Hamiltonian with respect to the 
Poisson structure tt, with equivariant moment map p, and the extended action is 
generated by J (dp). 

4.4. Action on spinors. The action of the Clifford bundle Cl(TM) on S* is defined 
via a choice of a splitting s £ X(M) by L X p = LxP + £ A p where £ = X — s(X). By 
construction, i X : S'(M) — ► S'(M) does not depend on the choice of splitting, nor 
on the Courant algebroid structure, and neither on [H\. 

Lemma 4.4.1. Choose a splitting s £ X(M) and define X t := e'^ and 

d 



Lip 



dt 



(X t o p) = C xP + (d£ - i X H) A p. 



t=o 



Then X t and C B are well defined as operators on the space of spinors S'(M). 

Proof: We first recall from || that the effect of 5-transform on p £ Q*(M) is 
given by e B o p = e~ B A p. Under the given splitting, the action of e*^ — X t — (X t , a t ) 
on Q*(M) are then given by X t o p = X t *(e~ at p). Suppose that s' £ T(M) is another 
splitting so that s(X) — s'(X) = LxB, then under s' we have 

X' t o(e B op) = X u (e~ a 't Ae^Ap) 

= XUe-^ +x * B ~ B ^ B Ap) 



%*(e" Qt Ap) 



°P), 



d_ 

Tt 



(\ ° p) 



t=0 



d_ 

dt 



t=0 



-C Y p + (-(drj - i Y H) A p) = -L%p. 



The lemma follows. 



□ 



Definition 4.4.2. The system of Cartan operators associated to TM on the space 
of spinors S*(M) is the collection C x , i x and dr defined as above. 

Theorem 4.4.3. Let X * 2) be the Today bracket for the extended tangent bundle 
TM. Then we have: 



(4.2) 
(4.3) 
(4.4) 
(4.5) 
(4.6) 
(4.7) 



L\p 

[£I,4]p 

(l X 1%) + LsgLxjp 



(£ X LZ) - L,<X)C x )p 

(drC x ~ £xdr)p 
d\p 



(d r i x + L X d T )p 
2(X,2))p, 

L X*Z)P, 

0, 
0. 
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Proof: ( |4.2| ) and fl4.4Q follow directly from definition while ( [4.7|) is well-known fact. 
Let's first fix a splitting s and consider in TM the action of generalized symmetries 
on the terms in the above equations. Let A = (A, a) G £f be a generalized symmetry, 
then 

(4.8) A o H = A* (if — da), A o X = A*(£ + t x a), and A o p = A*(e~ Q p). 

Thus we compute: 

(4.9) 

d \oH& °P) = X *( d ~(H- da)A)(e~ a A p) = K(e~ a A (d - HA)p) = A o d H p, 
L \ox& °P) = X *(ix(e~ a A p) + (f + i x a) A e~ a A p) = A o ( ix p), 
£f°J(A o p) = A*(£ x (e~ a A p) + (d£ + di X a - - da)) A e~ a A p) = A o (£f p). 

Let X t = be the (if -twisted) 1-parameter subgroup of generalized symmetries 
generated by 2) G T(TM). Let H t = X t o if, then direct computation shows that 
f t H t = for all t and it follows that H t = H for all t. Then (Q provides 

d T {e^op) = e'Mdrp), t e m oX (e^op) = e^o( Lx p), and C% oX (e^op) = e^o(£|p), 

from which (|J) and (gj follow. □ 

5. Extended equivariant cohomology 

5.1. Cartan complex. Consider an extended action 5" of a Lie algebra g on TM 
as in definition |4.2.1| . This means that the map a factors through the map 5 : g — > 
T(TM) with 5" — k o 8 . Then we can generalize the usual definition of the Cartan 

complex to the extended case by considering the algebra S'(M) £g) S(g*) of formals 
series on g with values in S'(M). 

The algebra S(g*) is the a-adic completion of the polynomial algebra S(g*) where 
a is the ideal generated by all polynomials with zero constant term (we refer to 
chapter 10 of |fj| for the definition of the a-adic completion). In practice what it 
means is that if {uj} is a base for g* and 5*(g*) = M[ui,u 2 , ■ ■ .], then the a-adic 
completion is the algebra of formal series in the Uj's: 

S(g*)=R[[u 1 ,u 2 ,...]]. 

The parity of the elements are assigned according to the usual rule, i.e. the forms 
are even or odd according to their degree while the formal series part S(g*) is always 
even. 

There are various reasons why one needs to consider the algebra of formal series 
and not the polynomial algebra. One of them being the fact that the B-field trans- 
formations send forms to forms via multiplications with exponential maps. These 
exponential maps are in general not polynomial maps and therefore by considering 
only polynomials we would be reducing the change of coordinates transformations 
to a small group which is not the one we are interested in. Most of the algebraic 
properties of the Cartan model hold also for the completed model. 
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We define 

d r ,8 : S'(M) ® 3{s*) S'(M) ® %0 : (^p)(r) = rf r p(r) - t«( T) p(r) for r G g, 

then one may check that it's an odd operator and that 

[4»](t) = -4 T) p(r) + (5(r),5(r))p(r). 

Choosing dual basis {tj} and {itj} of the Lie algebra g and its dual g*, we may 
rewrite the above equation in coordinates: 



dr,sp = d r p - ^2 u i L XjP, and 



3 j,k 

where Xj := S(rj). Notice that if the extended action a is isotropic and if £j( T )P = 0, 
then d\ s (p) = 0. Thus, following the definition of the Cartan complex for equivari- 
ant cohomology, we propose 

Definition 5.1.1. Let a be an isotropic extended action of a Lie algebra q on TM 
that factors through 5 : g — > T(TM). The extended g-equivariant Cartan com- 
plex is 

(5.1) C;(TM- 5) := {p e S'(M) (8) S(9*)\jO.J {t)P (t) = for all r e g}, 

with the odd differential dr,s- The cohomology Hq(TM; 5) of the complex C^(TM; S) 
is the extended g-equivariant de Rham cohomology ofTM under the extended action 
a defined by 5. We will often drop the S from the notations. 

Notation: The action a is always integrable to a G-action for some Lie group G with 
Lie algebra g. We will assume that such group G is chosen so that no confusion may 
arise. Therefore the extended g-equivariant de Rham cohomology will be denoted 
as Hq(TM). 

Assumption 5.1.2. We assume that all the extended actions are isotropic. 



5.2. Module structure. Similar to lemma [4.4. 1| , we have the following for the 
equivariant case 

Lemma 5.2.1. The complex C*(TM) is a differential Z/2-graded module over the 
usual Cartan complex C*(M). It follows that the cohomology Hq(TM) is a Z/2- 
graded module over the usual equivariant cohomology Hq{M). 



Proof: Choose a splitting of TM and let H be the 3-form associated by the 



splitting. We only need to compute the operators £jr T \ and dr,s for p A a where 
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p G C' S (TM) and a G C*(M): 

£jj T) (p A a) = C Xt (p A a) + (d£ r - l Xt H) A (p A a) 
= Cj {r) p A a + p A £ Xt « = 0, 

d r ,5(p A a) = d(p A a) - if A (p A a) - + A a ) 

j 

= ^r,5P A a + (-l) |p| p A d <x 
The last two equations imply the lemma. □ 

5.3. Invariant function. Let / : g — > C°°(M) be a G-equivariant linear map and 
denote f T G C°°(M) the image of r under /. Then we may "perturb" the map 
5:q^ r(TM) by df: 

5 f (r) = 5(r) + df T . 

It's easy to check that a = no Sf and the extended action Sf is again isotropic. We 
have 

Proposition 5.3.1. The two extended equivariant cohomologies Hq(M;S) and 
Hq(M; Sf), defined respectively from S and Sf, are isomorphic. 

Proof: Choose basis {tj} of g and dual basis {uj} of g* and write fj = f Tj . Let 
b = 'Y2j u jfj (C°°(M) <g> g*) G be the (ordinary) equivariant 2-form representing / 
and consider the equivariant B -transformation e b p: 

d T ,s(e b p) = e b (d T) 8 + d G bp) = e b (d T ,s + ^ Ujdfjp) = e b d r ,s f P- 

j 

By the module structure, we see that e b is a chain isomorphism between (Cq(TM), dr,&) 
and (Cq(TM), dr,s f ), and the proposition follows. □ 
In fact, in the proof above, we may replace b by any (ordinary) equivariant 2-form 

B G = B + u ifj e tt 2 (Mf © (C°°(M) <g> g*) G 
j 

and obtain: 

Lemma 5.3.2. An equivariant Bq -transformation induces an isomorphism on the 
extended G-equivariant cohomologies H^T'M^Sf) = Hq(TM,S) where the 3-form 
defined by the same splitting s for TM is H and for T'M is H' = H — dB. □ 

5.4. Preserving a splitting. Let G acts by extended action on TM and suppose 
that the action preserves a splitting s G X(M), i.e. 

di T — ix T H = where S(t) = s(X T ) + £ r for r G g, 

and H is the 3-form determined by s. In such a case we have that jCs(t) = £x T and 
dr,G = do — HqA where do = d — u j L x Tj is the equivariant differential of the 
(ordinary) Cartan model, and H G := H + Ylij u j^>j * s a dosed equivariant 3-form also 
in the (ordinary) Cartan model. We then define 
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Definition 5.4.1. The cohomology of the equivariant Cartan complex 

(fi'(M) <g> S(g*))* = { P 6 fi'(M) ® 5( S *)|/: XT p = /or a// r G } 

derivation d G — HqA will be called the if^-twisted equivariant cohomology 

of M, and will be denoted by H G (M; Hq). 

Thus we obtain 

Proposition 5.4.2. // the extended action a is isotropic and preserves a splitting, 
then H G (TM) = H G (M; Hq) . 

Proof. As 

d G H G = dH + ^ Uj(d£j - l Xt . H) - y^{X T . + X n + $,i)u 3 Ui 

3 3,1 

then dcH G = because H is closed (i.e. dH = 0), the action is pure, i.e. d£ T — 
Lx T H = and the action is isotropic, i.e. (X T . + X n + ^) = 0. □ 

Corollary 5.4.3. If a compact Lie group G acts by extended symmetries and is 
isotropic, then H G (TM) is isomorphic to H G (M; Hq) for some closed equivariant 
three form Hq ■ 



Proof: It follows from proposition 4.1.2. □ 



5.5. Factor through a splitting. In general, an ordinary closed G-invariant form 
H (with respect to the geometrical action) does not necessarily lift to an equivariantly 
closed form H G with respect to da- From our construction, when the action is, 
in certain sense, compatible with the twisting, we can still obtain a cohomology 
encoding the action that will be twisted by the (not necessarily invariant) ordinary 
closed 3-form H. We note that when H fails to lift, according to corollary |5.4.3| , the 
0-action does not integrate to an action of a compact Lie group. 

A g-action factors through a splitting s if the map 5 : q — > T(TM) factors through 
s. For such action, suppose further that Lx T ^x^H = for all r,w G g, where H is 
the twisting form defined by s. Then the extended 0-equivariant Cartan complex 
becomes 

C' S (M; H) = [pe fi'(M) ® S(q*)\C XtP - l Xt H A p = for all r G g} , 
with differential d G h = &h — Ylj UjL X = d G — HA. The corresponding cohomology 

L 'J J J 

is denoted by H^ G (M). We make the following definition: 

Definition 5.5.1. Let M be an ordinary G-manifold and H G Qq(M) so that 
lx t lx^H = for all t, uj G g, the -fT-twisted equivariant cohomology of M is 
defined to be H^ G {M) as above. 
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5.6. Trivial action. We consider the trivial action of G on TM, where G can be 
taken as a compact Lie group. This is an example of action preserving a splitting 
described in §5.4| , while it is of independent interest in the discussion of localization. 
In the ordinary case, the trivial action of G on M gives the equivariant cohomology 
H G (M; 0) = H*(M)®H*(BG), where H*(BG) = S{g*) s . Here, although the action 
of G on TM is trivial, the cohomology H G (TM) may be different from H G (M; 0). 

Consider a linear map 5 : q — > Q$(M) where in this case Qq(M) = ker k C T(TM) 
as defined in section § |4.2| . The induced action of G is then trivial on TM and the 
extended g-equivariant Cartan complex becomes: 

C;{TM) = Q'{M) ® S(q*) and d r ,sp = d r p~Y, A P> 

j 

where := 5(tj). Choose a splitting s, which defines twisting form H, and we 
rewrite the differential as: 

dr,sp = dp- + u i£jJ A P = d P~ H G^P, 

where Hq := H + ^ . Uj£j is seen as representing a cohomology class in H G (M) 
because d£j = and X Tj = 0. Thus, the extended equivariant cohomology H G (TM) 
is the i^c-twisted equivariant cohomology H G (M; Hq). 

Corollary 5.6.1. If the 1 -forms are exact (say when H 1 (M) = 0), then H G (TM) 
is isomorphic to the H -twisted cohomology of M tensored with H*(BG). 

Proof. There are functions fj over M such that dfj = £j. Then the B- field 
transform defined by e" E ^ Ujfj maps H+J2j Ujtj to H, then H G {T M) = H'(M; H)® 
H'(BG). □ 

Example 5.6.2. Take M = S 1 and G = S 1 with the trivial G action in M, and 
consider the extended action 5 : R -> fiJ(M), l^dB with T M = TM ffi T*M. The 
extended equivariant Cartan complex becomes 

C' S {TM) = fi"(M)®R[[«]] 

with extended derivation g?t,g = d — ud6A. An element a G C*(TM) is of the 
following form, where fi and g/s are functions over S 1 : 

a = h u% + d9^2 9j uJ ^r.G" = df + ^(d/i - fi-\d6)u\ 

i j i>0 

Thus a is closed iff df = and dfc = fi~\dQ for alH > 0, which implies that fi — 
for all 2, i.e. the closed forms are 

n 

a = d0^g 3 u 3 e C° d {TM). 

j 
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If we consider the form (3 = hiu 1 then a = df3 is equivalent to the set of 
equations dh = god9, dhi = (gi+hi-i)dd, i > has a solution whenever J gl g d9 = 0. 
So we can conclude that 

H%(TS l ) = and H° G d (TS l ) = R. 
This does not contradicts corollary |5.6.1| as the 1-form d6 is not exact. 



5.7. Circle bundle over surfaces. Let tt : M — > E be an ^-principle bundle over 
a closed surface £ of genus g and choose H £ f2 3 (M) be an invariant volume form. 
We compute the cohomology group Hq(M; kH), for k ^ 0, as defined in proposition 
|5.5.1| , which is a special case of the equivariant cohomology Hq(TM) for TM with 
twisting class [kH] . We note that H can not be lifted to an equivariantly closed form 
in the usual Cartan model. Suppose that H G = H + u£ were such a lifting, then we 
compute dcHc = -<=>- d£ = LxH and tx£ = 0, where X is the infinitesimal action 
of S 1 . It follows that £ = ir*X for some A £ Then we have j M H = a J s dX = 

for certain a ^ 0, which is contradiction as H is a volume form. 

The fact that H fails to lift to an equivariantly closed form implies that the 
geometrical action of S 1 cannot be lifted to an isotropic extended action on TM. It 
implies that the action under consideration is in fact an extended action of M 1 . 

We consider the complex: 

Cq(M; kH) = {pe n'(M)®S(g*)\C x p-kL X HAp = 0} and d GyH = d-kH A-m X - 

Because G = S 1 is abelian, we have 

C;(M; kH) = {pe Q'(M)\C x p - ki x H A p = 0} <g> S(g*). 

Let 9 be a connection form on M and write p £ Q'(M) as 

p — p + 9 A pi, where p { = aj + p\ + p\ and i x Pi = 0, 

with at £ n°(M),p{ £ SP(M). Then p £ C'(M; iff 

Cxdi = 0, = and Lxp\ = ka^xH. 

By LxPi = 0, we see that ix{dp\ — ciikH) = 0, from which it follows that dpf — ciikH 
descends to E, i.e. dp\ = aikH . Again, volume form argument implies that a, = 0. 
In all, we have 

p £ C;(M; kH) n Q'(M) p = ir*( ai + a 2 ) + 9 A tt*^ + /3 2 ). 

where a.i,f3\ £ f2 1 (E) and 02,^2 £ fi 2 (S). Apply rfc^H we get 

dc,kHP = ir*(dai) - utt*((3 1 + f3 2 ) - d9\ A n*(d(3i). 
For a general form p = u 3 pj in the tensor product we compute 

dc,kuP = —d9i A n* 2^v?dfh,j ~~ n * ^] u *(Pi,j-i. + ($2,j-i — ^ a i,j)) + 7r*^«i,o- 
i=o 3=1 

It follows that dc t kHP = is equivalent to 

Pi j = 0, foj = daij + i for all j ^ and da^o = 



26 



SHENGDA HU AND BERNARDO URIBE 



kerda,kH — \ P — d0\ A n* v?dcxij + i + n* )^ v? (aij + a 2 j), with dot\$ = > . 

I 3=0 j=0 ) 

To conclude we find that the equivariant cohomology Hq{M; kH) in the case of 
k 7^ is always the truncated de Rham cohomology of E = Mj G: 

Hq(M; kH) ~ H' |o -> n 1 (M/G) fi 2 (M/G) -> o} , 

which, of course, maps to the usual de Rham cohomology of E = M/G. 

For = 0, the cohomology Hq(M; 0) is simply the usual equivariant cohomology, 
which is isomorphic to the de Rham cohomology of E = M/G. 

5.8. Non-free action on S* 3 . Let S 3 C C 2 be the unit sphere. We consider the 
standard coordinates z = [z\,z 2 ) = {x\ + iyi,x 2 + iy 2 ) = (xi, Hi, x 2 , y 2 ) as well as 
the polar coordinates (z±, z 2 ) = r{e l< ^ 1 sin A, e 1 ^ 2 cos A) on C 2 , where r 2 = \z\\ 2 + \z 2 \ 2 , 
A G [0, |) and <pj G [0, 2n) for j = 1,2. Let H = — sin(2\)d\Ad<j)iAd<j) 2 and consider 
the extended tangent bundle TM of M = C 2 \ {(0, 0)} with Severa class [H] (note 
that [H] 7^ 0) with its corresponding splitting. Now, the embedding % : S 3 — > M 
induces the extended structure TS 3 with nontrivial Severa class and with the chosen 
splitting, we identify it as TS 3 with i*i7-twisted structure. We consider the action 
of G = S 1 on S 3 induced by rotating the first coordinate Z\. 

d 



a : M 1 -> Y(JS 3 ) : 1 i-> X = -— - cos 2 A# 



2- 



which is pure with respect to the splitting. Thus by proposition TA, the extended S 1 - 
equivariant cohomology H'i(TS 3 ) is given by the twisted equivariant cohomology 
H m sl (S 3 ; H s i) with H s x=H-u cos 2 \d<p 2 . 

5.9. Calabi-Yau manifold. We recall the notion of generalized Calabi-Yau mani- 
fold, which has a natural corresponding notion in the extended situation. For each 
maximally isotropic subbundle L of TqM, there is an associated spinor line bundle 
U, so that L = AnnU under Clifford multiplication. A generalized complex mani- 
fold (M, J) is called generalized Calabi-Yau in the sense of |jIT| , if there is ci-closed 
non-vanishing section of U. Since Clifford multiplication is locally defined on the 
bundles, the definition of extended Calabi- Yau manifold naturally extends. We show 
the following lemma, which is analogous to and a generalization of the corresponding 
one in symplectic geometry: 

Lemma 5.9.1. Let (M,J~;p) be an extended Calabi-Yau manifold, i.e. p G Q*(M) 

is non-vanishing with T>p = 0, J corresponds to maximally isotropic subbundle 
L C TqM , which anihilates p under Clifford multiplication. Suppose that there is 
Hamiltonian G- action on M with moment map p, then p admits an equivariant 
extension which is closed under T>q. 

Proof: The main point is that (J(dp), J{dp)) = (dp, dp) = which makes 
theorem |4.4.3| suitable as an infinitesimal definition of a group action (in the sense 



of Cartan, see §2 of Guillemin-Sternberg). Let Xj = J[dp,j) where p = PjUj, 
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then by Hamiltonian-ness, we have (3tj + idpjf) ■ p = 0, i.e. tx^p = —idpj A p. Let 
Pg = e~ lfJ, p, then we compute that 

V GPG = V(e-^p) -^u^e^p) = 0. 

3 

□ 

6. Properties of the extended equivariant cohomology 

In the first part we will show that the extended equivariant cohomology satisfies 
all the expected properties of a cohomology theory, and in the second we will show 
the Thorn isomorphism when the action preserves a splitting, in particular, when 
the group is compact. We will not assume G to be compact unless explicitly stated. 

6.1. Functoriality. Let (M,TM) be an extended G-manifold, i.e., manifold M 
with extended tangent bundle TM and an extended G-action. Let (N, TN) be an- 
other such manifold and consider the morphism / = (f,E) : (M, TM) — > (N,TN), 
where £ C —TM © f*TN is the extended structure on /, then 

Definition 6.1.1. f is a extended G-equivariant morphism if f is G-equivariant in 
the usual sense and £ is closed under the diagonal G-action on —TM © f*TN. 

In the alternative description of a pair (/, bj) of map and 2- form on M, we have 

Proposition 6.1.2. Choose and fix splittings of the extended tangent bundles TM 
and TN, which determines abjE Q 2 (M), then the morphism f is equivariant iff' 

£r = f*Vr + tx T bj for all r E g, 
where under the given splittings, X T — 8{r) = X T + £ T for r G g, etc. 

Proof: For the action of G to preserve S, we only need to show that the infinitesi- 
mal action of g preserves 8. The proposition then follows by directly computing the 
elements of the form 

X T * M {X + f*r) + L X bf) + 2) r * N (MX) + rj), for X G TM and r] G T*N. 

□ 

Lemma 6.1.3. Let f be an equivariant morphism, then for p G S*(N) ® S(g*), 

(!) ^L(r)(r(P))=/"(^(r)P)» 

(2) d T ,s M (f'(p)) = f'(dr,s N p). 

Proof: The map of linear spaces /* : S'(N) © S(g*) — > S'(M) © S(g*) is induced 
by the map of proposition |3.7.4|. Let 8m(t) = X T + £ T and 5n(t) = Y T + r] T , then 



both equations follow from direct computation using the equations (under a fixed 
choice of splittings of the extended tangent bundles): 

Y T = A(X T ), & = f*Vr + Lx T b f ~, H M = f*H N - db f and f'{p) = e' b f A f*p. 

□ 
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This lemma |6.1.3| implies the functoriality of the extended equivariant de Rham 



cohomology with respect to the extended equivariant morphism /, so we have 

Corollary 6.1.4. Let f be an extended G equivariant morphism f : (M, TM) 
(N,TN), then it induces a morphism 



f- :H' G (TN,5 N )^H' G (TM,S 



M 



6.2. Mayer- Vietoris. Let U\ and U 2 be open subsets of M with V\ U U 2 = M and 
let's denote by U\ 2 the intersection U\ n U 2 . Then, it is clear that the sequence 



^12' 



- (Cj(TM), dr,5 M ) - (C'(m),d rM )e(C fl '(TO),dr^ 2 ) ± (C;(TU 12 ),d T , ( 

is exact, where j(u) = (uj\u-i, v\u 2 ) an d k{a,(3) = a\u 12 ~ P\u 12 - Then it induces a 
long exact sequence in cohomology 



H G {TM) H&TUJ © H' G {TU 2 ) —5 H' G {TU 12 ) 



H G + \TU l2 ) « - H£\TU X ) © H' G +1 (TU 2 ) F' +1 (TM) 

6.3. Exact sequence for a pair. Suppose that there are extended G-actions 5> 
and &m on both F and M. Let % : (F, TF) — > (M, TM) be a morphism extending 
the embedding i : F C M, then z is an equivariant embedding if the extended action 
dp coincides with the action induced from the roof ( |3.4| ). Let /C = Annr*M^F, then 
this is equivalent to the following: 

Sm\f ■ -> r(Ann(/C)) C r(i*TM) and 5 F : fl r(Ann(/C)) ^ T(TF). 

In particular, when we only consider the geometrical action, F is an equivariant 
submanifold of M. By corollary [2.8.2| , we have the induced map of equivariant 
cohomology i* : H G (TM) — > H G (TF), which exists at the chain level. 

Now, performing the cone construction of i*, one can define the relative complex 

as 

C' 3 (TM, TF) := C;(TM) © C'-^TF), drj(u, 9) = (d T M,6 M u,i'u + d TF ,s F 9) 
that induces a short exact sequence of complexes 

-> C* _1 (TF) -> C'(TM, TF) -> C' S (TM) -> 0. 
Then we get the long exact sequence in cohomology 

H G (TM, TF) H G {TM) H G (TN) 



H' G +l (TN) - H G +1 (TM) - F* +1 (TM, TF) 

which is known as the exact sequence for a pair. 
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6.4. Excision. If we have the triple A C Y C X, the isomorphism H G (T(X — 
A),T(Y — A)) = Hq(TX,TY) is obtained by using the Mayer- Vietoris sequence 
for the sets X — A and Y", and the long exact sequences for the pairs (X, Y) and 
(X — A, Y — A); this is an exercise in algebraic topology. 

6.5. Thorn isomorphism. This section is not completely satisfactory because we 
were not able to prove the Thorn isomorphism in the generality of the extended 
equivariant cohomology. Nevertheless we will show in what follows the Thorn iso- 
morphisms for extended actions that preserves a splitting, for which the extended 
equivariant cohomology is the twisted equivariant cohomology. 

6.5.1. Thorn isomorphism for twisted equivariant cohomology. Let ir : Z — > M be a 
G equivariant real vector bundle of rank k. Then integration along the fibers of the 
map 7r on the Cartan complexes 

7T* : (Ql v (Z) ® S(g*)) s — (fi'(M) ® S(q*)) s , 

where Vt' cv (Z) denotes differential forms with vertical compact support, is a chain 



map and induces an isomorphism in equivariant cohomology (see |T(J Thm 10.6.1]) 

K*:H l GjCV (Z)^UH l J k (M). 

This isomorphism is what is known as the Thorn isomorphism. Its inverse is obtained 
by wedging with the Thorn class G H Gcv (Z) 

H l G \M) $ H l Gt jZ) 
a i— >• G A 7i*a. 

Let H G be a closed equivariant three form on M and let's consider the if^-twisted 
equivariant Cartan complex of M and the 7r*ifc-twisted equivariant Cartan complex 
of Z with vertical compact support. 

Proposition 6.5.1. The map 7r* is chain map of twisted complexes 

7T*: ((ni v (Z)®S(Q*)y,d G -ir*H G A) — > ((fi'(M) ® ,S(0*)) fl , d G - H G A) 
and it induces an isomorphism of twisted equivariant cohomologies 

7T, : H GiCV (Z,tt*H g ) H* G (M,H G ). 
Proof. Let's filter by degree the complexes 

C s , cv (Z,ir*H G ) := ((^(Z)®5(g*)) ,d G -vr*iJ G A) 

C S (M,H G ) := ((ir(M)®£(g*)) ,d G -tf G A) 

with F P C g (M, H G ) the equivariant forms with degree > p and F P C 3}CV (Z, ir*H G ) the 
equivariant forms of degree > p + k. 

The homomorphism 7T* is a chain map of twisted complexes because 

^*(dcP — n*H G A p) = d G ix*p — n*(n*H G A p) = dc^*p — H G A 7r*p, 
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and moreover, it induces a morphism of filtered differential graded modules 

7T* : (C s>cv (Z,n*H G ),d G -7r*H G A;F) - (C g (M,H G ),d G - H G A;F). 

We have then that 7T* induces a homomorphism on the spectral sequences associ- 
ated to the nitrations 

whose first level are the equivariant differential forms 

7T, : = (fi^(Z) (8) S( S *)) - = (fi'(M) ® S(q*)) 8 

and and whose differential is equivariant derivative Si = d G . 

Therefore the second level is the equivariant cohomology and 7r* induces an iso- 
morphism 

^:Er = H' G ^Z)^ET = H G (M). 

Now, we also have that the twisted cohomology is complete with respect to the 
filtration, i.e. 

H G . cv (Z,n*H G )) = ]imH G!CV (Z,n*H G )/Fm GiCU (Z,7r*H G ). 

This last statement holds because of two facts: first because the filtration by degree 
F P H G CV (Z, ix* H G ) is equivalent to the filtration a p H G CV (Z, ir*H G ) given by the o-dic 
topology, where a is the ideal of S(q*) generated by polynomials with zero constant 
term; and second because the twisted cohomology H G cv (Z,n*H G ) is complete with 

respect to the a-dic completion, as it is a finitely generated S , (g*)-module. 

The facts that the twisted cohomologies are complete, that the nitrations are 
exhaustive and weakly convergent (because the nitrations are by degree), and that 
at the second level we have an isomorphism, imply by theorem 3.9 of [T6| that 7r* 
induces an isomorphism of twisted equivariant cohomologies 

^■.H GfiV {ZXH G )^Hh{M,H G ). 

□ 

By the same argument as in the untwisted case, the inverse map of 7r* is given 
by wedging with the equivariant Thorn form 0. We can conclude that we have an 
isomorphism 

Th : H G (M, H G ) ^ H' GjCV (Z, tt*H g ). 

6.5.2. Thorn isomorphism for pure extended actions. Let n : (Z, TZ) — > (M, TM) 
be a vector bundle in the category SSmth, where a Lie group G acts on (M, TM) 
by generalized (resp. extended) symmetries. The bundle n is an equivariant bundle 
if there is a generalized (resp. extended) G-action on (Z, TZ) lifting the one on M. 
It means that the action on Z is fiberwise linear and the action on M is induced 
from that of Z by restricting to the 0-section. 

When the G action on TM preserves a splitting, we see that H G (TM) = H G (M; H G ) 
and H G>au (TZ) = H* GtCV (Z;7T*H G ). As 

Th : H' G (M; H G ) % H GfiV (Z; tc*H g ) 
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we have that it induces an isomorphism of extended equivariant cohomologies 

Th : Hq(TM) Hq cv (TZ). 



7. Localization 

7.1. Fixed point set of generalized action. Let's fix the splitting s G X(M) that 
is preserved by the action of the (not necessarily compact) Lie group G. Then by 
definition, the image of the homomorphism 

or : G -> y r ~ {s} X 

lies in fl Diff(M). Let x G -F C M be a fixed point where F is a component 
of fixed point set. Consider the induced representation of G on T X M. The action 
preserves the splitting of T X M = T X M © T*M. Furthermore, the representations 
T X M and T*M split as following: 



T X M = /•./•• © A', : and T*M = T*F © JV, 



where we have T*F = N% and N* = T X F with respect to the natural pairing 
between TM and T*M. This can be seen in what follows. It is obvious that T X M 
splits as such, where the T X F component is simply the trivial sub-representation, 
while N x is the non-trivial part. For T*M, we choose dual basis {vi} and {u{\ of T X M 
and T*M respectively, so that T X F = Span(w i= i j ... > / C ) and N x = Span(i>j=fc + i,...,n)- Let 
g G G and we compute 



(9ij) = ((9° Ui, vj)) = ((Ui, g o Vj )) 



Ikxk 

* 



In particular, it follows that g o Ui = for % = 1, . . . , k. Let T*F = Span(tt i= i > ... j fe) 
and N* = Span(w i= fc + i ; ... )n ), then they are sub- representations of T*M and A'"* is 
the non-trivial part. Thus the representation T X M = T X F(BN X naturally splits into 
trivial and non-trivial components. 

Let TF = U x! zfT x F, then we show that 

Lemma 7.1.1. r(TTF) is closed under the Courant bracket. 

Proof: We consider the induced homomorphism of Lie group: 

& : G —> — {s} x Qjj : g h- > (A s , a g ). 

Because a fixes the splitting s, we have a g = and X*H = H for all g G G. Then 
by definition, 

2) = y + r/ G r(TF) <^ A 9 ,y = y and A s *?7 = for all g G G. 

Let 3 G r(TF), straight forward computation gives A s *[2),3]h = [2), 3] if- □ 
By lemma |3.2.4| , we see that TF is isomorphic to the induced extended tangent 



bundle TF in ( |3.4| ) as a Courant algebroid. Thus the Severa class of TF is given by 
[H F ] = [i*H M ]£H%F). 
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Corollary 7.1.2. Let a : G — > be a proper extended action and F a fixed point set 
component of the geometrical action a. Then the induced action on TF is trivial, 
as described in 515. R □ 



7.2. Localization in twisted equivariant cohomology. In this section we show 
the localization theorem in twisted equivariant cohomology following Q. Here we 
restrict to the case where G is compact. Then proposition [4. 1 .2| implies that we may 



fix a splitting s G X(M) and assume that the G-action preserves s. 



As we have seen in proposition 5.4.2 the cohomology of H G {TM) could be calcu- 
lated using the twisted equivariant de Rham cohomology 

(Q'(M)®S{g*)f = {pe tt 9 (M)®S{Q*)\£ 5{T) p = for all r G g} and V G = d G -aA, 

twisted by a := H G = H+'Y^. Uj^ r . whenever the action is pure, i.e. d£ T , —l Xt H = 
Recall that when the action is pure a defines a cohomology class [a] G H G (M) and 
the twisted equivariant de Rham cohomology is denoted by H G (M; a). 

As H G (M; a) is a module over H G (M) (see lemma |5.2.1| ) then H G (M; a) becomes 



a module over H'(BG) = S(g*) s . If % : F — > M is the inclusion of the fixed point set 
of the geometrical action of G, we will show that the pullback i* and the pushout 

in extended equivariant cohomology are inverses of each other after inverting the 
equivariant Euler class of the normal bundle of F. For this we will mimic the proof 
of Atiyah and Bott of the localization theorem in equivariant cohomology |j. 

For the sake of simplicity we will focus on the case that G is a torus and we will 
make use of complex coefficients. Having setup the hypothesis we can start. 

Recall that for G a torus we have that H*(BG) = S(q*) = C[ux, ■ ■ - u n } a poly- 
nomial ring in n variables. The support of a H*(BG)-module A is, supp(A) = 
n { /|/.A=o } V f where V f = {X G 01/pO = 0}, then 

Lemma 7.2.1. supp(H G (M; a)) C supp(H G (M)) 

Proof. If / • H G (M) = 0, by the definition of the if •(-BG)-module structure in 
H G (M; a), one has that / ■ H G (M; a) = 0. The inclusion follows. □ 

Let F = M G be the fixed point set of the G-action, then from Prop 5.2.5] we 
know that supp(H G (M — F)) C [J H f) where H describes the finite set of proper 
stabilizers of points in M — F, and f) is the Lie algebra of H. Then we have that 
supp(H G (M - F; a)) C [j H fj, and therefore H G (M - F; a) is a torsion H'(BG)- 
module. 

Lemma 7.2.2. The kernel and the cokernel of the map i* : H G (M ; a) — * H G (F; i*a) 
have support contained in [J H 1} where the H runs over the stabilizers ^ G of points 
in M. 

Proof. Let U be an equivariant tubular neighborhood of F. We know that 
supp(H G (M - U; a)) C \J H f) and also supp(H G (d(M - U); a)) C [j H I). Using the 
long exact sequence for the pair (M — U, d(M — U)) we conclude that 

supp(H G (M - U, d(M - [/); a)) C |J f). 

H 
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Let V be another equivariant tubular neighborhood containing U, such that V — U ~ 
d(M-U) = dU. Then by excision H G (M, F; a) ^ H G (M, V; a) ^ H G (M-U, d(M- 
U); a), so in particular if G (M, F;a,) C [j H f). From the long exact sequence for the 
pair (M,F), 

H G (M, F; a, ) -> H G (M] a) ^ H G (F; i*a, ) -> H G (M, F; a) 

the lemma follows. □ 
The Thorn Isomorphism in twisted cohomology is obtained by wedging with the 
Thom class (see § |6.5| ). So for it : v — > F the equivariant normal bundle of F in M 
of rank d = dim(M) — dim(F) (seen as a tubular neighborhood q : v — > M), and 
G if^ G (z/) the Thom class, the Thom isomorphism is 

th:H G (Fi*a) -> H' vG (u;7r*i*a) 
a i-> 7r*(a)A0. 

But we need to land in if^, G (i/; Then we use the fact that ir* is in isomorphism 

in equivariant cohomology and therefore there is an equivariant form a on v such that 

q*a = 7r*i*a — <i G <7. This gives us the isomorphism H' vG (i/; ir*i*a) — > H' v G (u; q*a), 
that precomposed with the Thom map is what we are going to call (by abuse of 
notation) the Thom isomorphism Th := e~ a o th. 

The pushforward map : H G (F; i*a) — > if G (M; a) is defined as the composition 
of the maps 

H G (F; i*a) ™ H^ G {u- q*a) H G (M, M - F; a) -> H G (M; a), 

and recall that the equivariant Euler class e G (z/) is defined as the element in H G (F) 
such that 7r*e G (z/) = j*0, where j* : H* vG (u) — > H G (u) is the natural homomor- 
phism 

Lemma 7.2.3. The composition i*i* is equivalent to multiplying by e G (i/) (using the 
H G (F)-module structure), i.e. for a G H G (F; i*a), we have i*i*(a) = a A e G (z/). 

Proof. Consider the commutative diagram 



H G (F; i*a) — H^ G (u; q*a) if- (M; a) 

j* i* 

H G (u; q * a )+^H G (F;i*a). 

Then from the left side j*Th(a) = n*a A j*0 = ir*(a A e G (z/)), and from the right 
hand side j*Th(a) = 7r*(i*i*(a)), and as 7r* is an isomorphism, one obtains that 
i*i*(a) = a A e G (z/). □ 

Lemma 7.2.4. The kernel and the cokernel of the map i* : H G (F\ i*a) — > if G (M ; a) 
have support contained in \J H f) where the if runs over the stabilizers ^ G of points 
in M. 
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Proof. Consider the cohomology exact sequence of the pair (M, M — F) 
Hq(M - F\ a) - H G (M, M -F-a) H G (M; a) H G (M - F; a) 



H' G (F; 



i a] 



and as supp(H G (M — F; a)) C [j H f) the lemma follows. □ 
For ZcFa connected component of the fixed point set there exist a polynomial 
fz £ H'(BG) such that the Euler class tciyz) of v\z is invertible in (if G (F))(/ z ), the 
localization of H G (F) in the ideal generated by fz as a H'(BG) -module. Therefore 
for / = n Z(lF fz then edy) is invertible in (H G (F))^ and moreover the kernel of 
/ is contained in Uh^g ^- 

Now, define the homomorphism Q : (H G (M; «))(/) — > (H G (F; i*a))u\ by Q(a) : = 
X!zcF^( a ) A ec(^z) -1 where ec(^z) _1 £ H G {F)^y It turns out that Q is the 
inverse of i* after localizing at (/): Qo = 1 because of lemma [7.2.3 , and «»oQ = 1 



because the module structure is compatible with projections; namely for ix : v — > F 
and a £ H G (M; a), one has that 7r*(z*a) A 7r*(e G (z/)~ 1 ) = n*(i*a A ec^) -1 ). So, we 
can conclude: 

Theorem 7.2.5 (Localization at fixed points). For all x £ H G (M;a) in a suitable 
localization, one has 

x= £if(iz(a:)) Ae G (z/ z )- 1 
From the localization theorem we get that H G (TM)^ = H G (TF)^, and from the 



results in section § |5.6| we get that H G (TF) is isomorphic to the twisted equivariant 
cohomology of the fixed point set. So, for a = H + £\ ttj£j the twisting form in M, 
we have 

Corollary 7.2.6. If the G action is pure, then 

H G (TM) (f) =H G (F;t*a) {f) 
and if the l-forms i*^j are all exact (say when H 1 (F) = 0) then 

H G (TM) (f) = H'{F, i*H) ® H\BG) U) = H'{F, i*H) ® C[[ Ul , . . . , u n ]] {f) . 



Example 7.2.7. Let's consider the S 1 extended action on S 3 from section § 5.8 , A 
point in S 3 is a pair of complex numbers z = (zi, £2) with |zi| 2 + \ z 2 \ 2 = 1 that could 
also be written in polar coordinates as Z\ = e 1 ^ 1 sin A and z 2 = e 1 ^ 2 cos A. The 3-form 
H is — sin(2X)d\Ad(j)iAd(f)2, the S 1 action is defined by rotating the first coordinate 
z\ and the extended action is IR 1 — > T{TS 3 ) : 1 h- > -£r — cos 2 Xdfo- As the action is 
pure, the form a := H — ucos 2 Xd(p 2 is equivariantly closed, and therefore defines a 
cohomology class [a] £ i/|i(5' 3 ). Recall that H'^BS 1 ) = C[u]. 

The fixed point set of the circle action is the set F = {(z\, z 2 )\zi = 0} PI S 3 which 
is also a circle. If % : F — * S 3 is the inclusion, then i*a = —udfo £ H^(F) = 
® H 2 (BS l ) and therefore we can apply the results of the example [5.6. 2| . So 
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we have that H° s i(F;i*a) = R, while H^i(F;i*a) = 0. As the normal bundle v 
of F in S 3 is trivial, and the action of the circle in the fibers is by rotation, then 
the equivariant euler class of the normal bundle is esi(z/) = u. By the localization 
theorem, if we invert u we get the isomorphisms 

Hf^S 3 ; a) {u) = H°t{F- i*a) {u) = R (u) = 0, 

and H%i(S 3 ;a) {u) = H^(F;i*a) {u) = 0. 

Hence, applying the localization theorem we can deduce that the equivariant twisted 
cohomology H^i^S 3 ; a) is a torsion C[w]-module. 
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